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USE OF WATSON OPERATIONS IN THE SOLUTION
OF SOME PROBLEMS IN THE THEORY OF
THERMAL CONDUCTIVITY

M. A, Bartoshevich and A, P, Prudnikov UDC 517,947.43
The Watson transform method is used to obtain analytical solutiops of certain nonstationary

problems in the theory of thermal conductivity for variable regions with a specified law of bound-

ary motion.

We will consider the following problem: we must find a solution of the thermal conductivity equation

ou ., Ou
ot ¢ 0x2 @)
in the region lj + bt = x = I, + bt, I3~ =1 > 0, = <t <o, which satisfies the initial condition
ul,__,, =0 2)
and the boundary conditions
94 = by (8), 3)
ox x==l bt
Wi =12 ®- 4)

Here a, b, 1, 1,, @ are constant parameters, We will seek the solution of Egs, {1)-(4) in the form of the sum
of thermal potentials of a simple and twin layer [1, 2]
t {x--1,—bs)* t (Xl ybs)?
a p1(5) ~ Tdat (1—s) l (x—bL—bs) — Gama=s—
- e -ds = ) ——= 71

2y n _‘S; Vi—s + 4aVn _j,, () {t —s9*? ¢ ds, ()
where p(t) and p,(t) are unknown functions, to be defined from boundary conditions (3), (4); initial condition (2)
is satisfied automatically. To define p;(t) and p,(t) we obtain a system of Voltaire integral equations of the
second sort

ulx, )=

0O N PR —8 o =1, 2
hi (t) = (—— 1) ——5— +12=1 Cij _iK!J (t S) P; (S) ds (l ; 4 )’ (6)
where
1 b
Ku(x) = l/; exp (-— Yo x) »
@1 1b — a*al 2 b2 + 20u?b Px b 2
Kia ()= ( a2*’? T o T om2 Vx )exp (._ 4a? + 4> 4o’x ) '
1 .27 b 2
K‘M (x)"‘ —177;‘—: exp (_ Aa? 4g? - 4y ) ’
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Koz (x) =

j
— @X —_——

Vi p(

20%q — b

Cyy = ————
“ 4aVn '

1
Cop = ———x ,
®7 4a v/

__a

Oy = 21/&— ,
»

4alV'w

Agp=

We transform Eq, (6) to a system of integral equations with integrands dependent on the producis
ments, With the aid of the new variables

t=1Int, s=—1Ingo,

system (6) is reduced to the form

hi(lnv) = (— 1)"—pi—(—12n—11+i ¢35 f Ky (In(’m))&(:il—Ilﬂ do (i=1, 2).
=

1/t
We introduce the notation

G; (—-— In 1‘.')
T

9 {1} = , i =W nn =1, 2

Then from Eq. (8) we obtain

gi(@®=(—1y —i ¢ (—i—) + 2 ; Cij j;Kij (In(w)) @;(0) do (i =1, 2).

We define the functions Izij x), (i, j =1, 2) with the expressions

_, 14
Kij (x)= —x_j Kij(lnt) dt.
I

We will assume that b%/4a’ > 1/2; then

Kymel(l; ) (G, j=12),

of the argu-

M

(8)

®

10

(1)

and consequently, we can solve the system of integral equations (10) by the method based on expansion of the

integral operators in orthogonal Watson operators [3].

We expand ﬁij (x) (i, ] =1, 2) over the interval 1 = x < « in functions x'an (inx) n=0, 1,
which form a complete orthonormalized system in L,{1, ©), We then have

Ky (x) 22» (—1r aﬁfx"ll:n (In x),

n=0

where

@i = (— 1y Sk“ (x) x~'L, (Inx)dx (i, j=1, 2, n=0, 1, 2, ...);
1

L,(nx) are Laguerre polynomials, defined by the expression

o (— DEnat 2t
L=V =bntz
n{e) % (n— ) (k1P

2,000 ),

(12)

(13)

(4

For the case where b’ = 4a?, the problem of calculating the expansion coefficients becomes simpler. For ex-

ample, in this case

Kii (x) = R;}z (x) = ﬂ/xl—n—t;— 1

{15}
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and the coefficients a}li and a%f are calculated with the expression

a

1= 022 = (— 1) 2 g]/m L, (In x) x—2dx. (L6)
After calculating the integral on the right-hand side of the last equation, we obtain

W g2 (1S (— * nt (2% + DN
=D go (n—B)! (kP 2+

a7

In the general case, the coefficients alilj(i, j=1,2;n=0,1,2,,.,) are defined by some numerical method.
Considering that

o«

,‘g,K” (In (m:))' 9; (0) do = _Ed: {1: fLKU (v0) ; (0) du} , (18)

with consideration of Eg. (12) we obtain

3 — N if -d__ ¢ . 1\n -1 5

lgﬁxi,- (In (07)) @ (0) do = éa,:  [F fen (@9 Ly (1n(07)) 9 () do } . 19)
The functions x"Ln (Inx) are the integrands of Watsonoperators (—1)2S(TS)*;n=10, 1, 2,,.. Therefore,
from Eq. {(19) we obtain '

{ Ky (in(07)) @5 (0) do = ¥ @il S(TSY" ¢, (), (20)
1/v n=0
where S and T are elementary Watson operators.

With the aid of Eq. (20) the system of integral equations (10) can be wriften in the following operator
form:

2 -
(— 1Y S (@) + 2, ¢y X, aIS(TSY @; (W) =g: (v) (i=1, 2). @1)
=1 n=0

Applying the operator S to both sides of Eq. (21) and introducing the notation

Z“ = 2011 2 (Z}Il (TS)” — E, (22)

n=0

Zyp =20y 2 a,!f TSy,

n=0

Zgi = 2y 2 azl (TS)",

n=0

Ly = 20222 a2 (TSy* +E,

n=0

where E is the identical conversion operator, we obtain

2
D Zufn (1) = Sg: (9 (= 1, 2). (23)
h==1

Let A be the operator determinant of system (23); we denote the operators which are formally the algebraic
complements of the elements of this determinant by the symbols Ajx. The operators Ajk are the sums of
products of operators of the form of Eq. (22) and can be expressed as series in nonorthogonal powers of the
operator TS, Considering the existence of an inverse operator A7, the solution of Eq. (23) may be written in
the form

2
@ (1) = A1 2 AuSgi () k=1, 2). (24)

i=1
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The desired functions py(t) and p4(t) may now be expressed with the formulas
pr{t) =etop(et) (k= 1, 2).

The solution of the original problem can be represented in the form

ulx, t)= @) exp (._Q‘_—"_h_:@_s> ds

a ¢
2V n _jw Vit—s 402 (t — 3)

I ) N _ el bR
+ Ve _Sm i o (x—I—bs) exp ( @iy s) ds.

(25)

In particular, let I, = +%, which corresponds to the solution of thermal conductivity equation (1) with one
boundary condition (3) in the region x > Iy + bt, —« <t < © with initial condition (2). Then pe(t) = hy(t) = 0 and
in system (23) there remains one equation

Zu@: (1) = Sg1 (1). (26)
The solution of operator equation (26) has the form
@1 (v) = 2777 Sh, (In ).
The desired function p; (t) is given by the expression
prt) =e~o(e).
The solution of the original thermal conductivity problem in the special case considered (I, = +%) has the form
t

a (@) ex (_ ﬂ:ﬂ‘ﬂ_s\ ds. 27

“len )= 2]/-5?__{ Vit—s 402 (f —s)

Now let I; =—, In this case we consider thermal conductivity equation (1) with one boundary condition
(4) in the region x =1, + bt, —= <t < = with initial condition (2). Then py(t) = hy(t) = 0 and again in system (23)
there remains one equation

Z®s (1) = Sga (V) (28)
whence
@2 (1) = 2759 Shy (In );
and the desired function p,(t) is given by
02 (f) =€ tga (7).

In this case (l; = —=) the solution of the original thermal conductivity problem has the form

ulx, t) = Pz e”) (x— Iy —bs) exp (—~— Kol k') s) ds. (29)

1 t
4al/'n _L t —s)*? 402 (t — s)
A detailed study of one special case of system (10) was presented by Shub-Sizenenko [4].
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