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USE OF W A T S O N  O P E R A T I O N S  IN T H E  S O L U T I O N  

OF SOME P R O B L E M S  IN T H E  T H E O R Y  OF 

T H E R M A L  C O N D U C T I V I T Y  

M. A.  B a r t o s h e v i c h  a n d  A P .  P r u d n i k o v  UDC 517.947.43 

The Watson transform method is used to obtain analytical solutiops of certain nonstationary 
problems in the theory of thermal conductivity for variable regions with a specified law of bound- 

ary motion. 

We will consider the following problem: we must find a solution of the thermal  condugtivityequation 

Ou O'u 
Ot dx 2 

in the region Zt + bt - x - Z 2 +bt ,  12-I , = l > 0, - ,o  < t< .o ,  which satisfies the initial condition 

and the boundary conditions 

(I) 

ult=_| = 0 (2) 

O___~_u + =ul = h~ (t), (3) 
OX [x=l ,q-Or 

ul~, ,+b,  = h~ (t). (4) 

Here a, b, l 1, 12, a a r e  constant parameters .  We will seek the  solution of Eqs. (1)-(4) in the form of the sum 
of thermal  potentials of a simple and twin layer  [1, 2] 

!| (x--t,--bs). l i (x __ l~__ bs) (x--t.--bs), 
a Pt (s) e 4a, ( t -s~ d s  + 4a ]/'-~ Pz (s) e 4a, (~-,) ds, (5) 

u (x ,  t )  = 2 V - ~  ~ _ V i - -  s _ .  ( t  - s )  3/~ 

where p(t) and p2(t) a re  unknown functions, to be defined from boundary conditions (3), (4); initial condition (2) 
is satisfied automatically. To define Pl(t) and p2(t) we obtain a system of Voltaire integral equations of the 
second sor t  

t 
o, (t) + ~  ~,~ ~ K~, ( t -  s) ~,j (,) ds (i = 1, 2), (6) h~ (t) = (-- l) ~ --~ J=~ -| 

where 
.1 

Ku(x)= ~ exp x , 
V x  4a 2 

(aS+ tb -- a~gl I z 
Ktg(x )=  ~ aZx 3t2 - -  2aZxSt2 

b2+ 2r ( bZx + Ib g~ ) 

v ( b~x tb l "z ) K,,, (x) - -  . - - 7=  exp 4a ~ 4a z 4aZx 
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K~ (x) - 

2a"-~ - -  b 
c t l =  4a ] /~ -  ' 

1 
C~2= 4 a v / ~  - ' 

a 

c z i -  2 V - ~  ' 

b 2 
a2~ = 4a ]/~- 

We t r a n s f o r m  Eq.  (6) to a s y s t e m  of i n t e g r a l  equa t ions  wi th  i n t e g r a n d s  dependent  on the p r o d u c t s  of the a r g u -  
m e n t s .  With the aid of  the new v a r i a b l e s  

s y s t e m  (6) is r e d u c e d  to the f o r m  

t = l n ~ ,  s = - - l n c ~ ,  (7) 

2 i=1 1/'~ 

We in t roduce  the nota t ion  

- - . ,  g i  (~) = 2h~ ( in ~) (i  = 1, 2).  

(s) 

(9) 

Then  f r o m  Eq. (8) we obta in  

We def ine  the func t ions  l~ij(x), (i, j = 1, 2) wi th  the  e x p r e s s i o n s  

f%(x)= + i  K~i~lnt) dt- 

We wi l l  a s s u m e  tha t  b2/4a ~ > 1/2~ then  

/(~s(x)cL~(I ; c~) (i, ] :  1.2), 

(I0) 

(11) 

and consequen t ly ,  we can so lve  the  s y s t e m  of i n t e g r a l  equa t ions  (10) by the me thod  b a s e d  on e x p a n s i o n  of the 
i n t e g r a l  o p e r a t o r s  in o r t hogona l  W a t s o n  o p e r a t o r s  [3]. 

We expand  I(i j(x ) (i, j = 1, 2) o v e r  the i n t e r v a l  1 -< x < ~ in funct ions  x - l L n  (lnx) (n = 0, 1, 2 . . . .  ), 
which  f o r m  a c o m p l e t e  o r t h o n o r m a l i z e d  s y s t e m  in L2(1, ~ ) .  We then have  

/(ii (x) = ~  (- -  t)" aiix-lI~ (In x), (12) 
n : O  

w h e r e  

a~ : ( - -  1) • S Kij (x) x-'L,~ (tnx) dx (i, j :  1, 2; n=O, l, 2 . . . .  ); (13) 
1 

L n ( l n x  ) a r e  L a g u e r r e  p o l y n o m i a l s ,  def ined  by the e x p r e s s i o n  

( - -  1) ~ n! z ~ .  

F o r  the ca se  w h e r e  b 2 = 4a 2, the p r o b l e m  of  ca l cu l a t i ng  the e x p a n s i o n  coe f f i c i en t s  b e c o m e s  s i m p l e r .  F o r  e x -  
a m p l e ,  in th is  c a s e  

g .  (x) = R~ (x) 2 V T ~ ;  ~ (15) 
X 
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and the coefficients a~  and a~  are  calculated with the express ion  

an" -- a] 2 = (-- 1)" 2 : V ~  L= (ln x) x-Zclx. (16) 

Af ter  calculating the integral  on the right-hand side of the las t  equation, we obtain 

(-- 1) k nl" (2k + 1)!! 
a.,, = : .  = (-1)"- (17) 

k~0 

In the general case, the coefficients a ij (i, j = 1, 2; n = 0, 1 2 . . ) are defined by some numerieal method. 
" U ) ) ~ 

Considering that 

: :  O(In(~x))%(~)d~= dxd {~ /~O(x~)~0,(a)d~} ' (18) 

with consideration of Eq. (12) we obtain 

~ .. d {~ j. ( ~  1)~.(,~)_ ~ L,~(ln(~x)) % ( , )  d a } .  (19) Ko (In (.~)) ~ (~) do -- ~ ag 
11% n = 0  11'~ 

The functions x- lLn (lnx) are  the integrands of Watson opera to r s  (-1)nS(TS)n;  n = 0, 1, 2 , . . .  There fo re ,  
f rom Eq. (19) we obtain 

:Ko (In (~)) (p~ (a) d~ = ~a~S(TS) n q~$ (~), (20) 
111: n ~ 0  

where  S and T are  e lementary  Watson o p e r a t o r s ,  

With the aid of Eq. (20) the sys t em of integral  equations (10) can be wri t ten in the following opera tor  
form:  

(--  1)' S+, (x) q- 2 Z c u a~ S (TS) n +j (x)=gi (x) (i = 1, 2). (21) 
]= I n=0 

Applying the operator S to both sides of Eq. (21) and introducing the notation 

Zll ~- 2ell ~ aln ! (TS) n -- E, (22) 
n~0 

Z,2 = 2ct~ ~ a~ 2 (TS) n, 
n~O 

Z2, = 2c~, ~ a2~ ' (TS) ~, 
n=O 

Z= = 2c= ~ ~ (TS)" +E,  
n ~ 0  

where  E is the identical conversion opera to r ,  we obtain 
2 

Z Z~k~Pk (X) = Sg~ (z) (i = 1, 2). (23) 
h---I 

Let  A be the opera tor  determinant  of sys tem (23); we denote the opera tors  which a re  formally the algebraic  
complements  of the e lements  of this determinant  by the symbols  Aik. The opera tors  Aik a re  the sums of 
products  of opera tors  of the form of Eq. (22) and can be expressed  as se r i e s  in nonorthogonal powers  of the 
opera tor  TS. Considering the exis tence of an inverse  opera tor  A -i ,  the solution of Eq. (23) may be wri t ten in 
the fo rm 

2 

r (x) ~- A -i Z AhiSg~ (T) (k -- I, 2). (24) 
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The des i red  functions Pl(t) and p2(t) may now be e x p r e s s e d  with the fo rmulas  

P~ (t) = e-t~h (e -t) (k = I, 2). 

The solution of the or ig inal  p rob lem can be r ep re sen t ed  in the f o r m  

u(x, t ) - -  a ~t(e -~) exp - - s  ds 
V i  - s 4a2 (t - s) 

~ i q~2 (e-') (x--lz--bs) e x p (  (x--l~--bs)2 ) (25) 
+ 4a "~_~ (t - @ / 2  4a 2 ( t - s )  s ds. 

In pa r t i cu l a r ,  let  l 2 = + ~ ,  which co r r e sponds  to the solution of t he rma l  conductivity equation (1) with one 
boundary condition (3) in the region x > l I + bt, - ~  < t < ~ with initial  condition (2). Then p~(t) = h2(t) = 0 and 
in s y s t e m  (23) there  r em a i ns  one equation 

ZtifPt (x) = Sg~ (x). (26) 

The solution of o p e r a t o r  equation (26) has the f o r m  

% (~) = 2Z~]lShl (in ~-). 

The des i r ed  function Oi (t) is given by the exp re s s ion  

Pi (t) = e-lop1 (e- t ) .  

The solution of the or ig inal  t he rm a l  conductivity p rob l em in the spec ia l  ease  cons idered  (l 2 = +~) has the fo rm 

t { (x-- l~-- bs) 2 
a ,' r exp - -  s' u(x,  t ) -  \ 4a2(t s) ) d s  (27) 2 _| ~Ft 

Now let  l 1 = - ~ o  In this ease  we cons ider  t h e r m a l  conductivity equation (1) with one boundary condition 
(4) in the region x -< l 2 + bt,  - ~  < t < oo with initial condition (2). Then Pl(t) = hi(t) = 0 and again in s y s t e m  (23) 
there  r e m a i n s  one equation 

Z2z% (~) = Sg2 (~), (28) 

whence 

q~z (~) = 2Z~-o-IShz (ln x); 

and the des i r ed  function P2(t) is given by 

Pz (t) = e--tcp2 (e-t). 

In this ease  (l 1 = -oo) the solution of the or ig inal  t h e r m a l  conductivity p rob lem has  the f o r m  

1 i ~pz(e-`) (x--12--bs)exp( (x--12--bs)2 ) 
u(x, t) 4aV-~_|  ( t - - s )  3/2 4 a 2 ( t - s )  s ds. (29) 

A detai led study of one spec ia l  case  of s y s t e m  (10) was p resen ted  by Shub-Sizenenko [4]. 

L I T E R A T U R E  C I T E D  

1. A . V .  Lykov,  Theory  of T h e r m a l  Conductivity [in Russ ian] ,  Gostekhizdat ,  Moscow (1952). 
2. G. Myunts,  In tegra l  Equations [in Russ ian] ,  Vol. 1, GTTI  (1934). 
3. M . A .  Bar toshev ich ,  "Expansions  in an orthogonal  s y s t e m  of Watson ope ra to r s  for  solution of t he rma l  

conductivity p r o b l e m s , "  I n z h . - F i z .  Zh. ,  2_8.8, No. 3 (1975). 
4. Yu. A. Shub-Sizonenko, "Reduction of an in tegra l  ope ra to r  by expansion in orthogonal Watson o p e r a t o r s , "  

Sib. Mat. Zh. ,  2.00, No. 2 (1979). 

1097 


